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Abstract

This thesis focuses on the Thrust event-shape distribution in electron-positron annihilation, a classical
precision collider observable which can be measured very accurately and provides an ideal proving ground
for testing our understanding of strong interactions. Our particular focus lies on the back-to-back region,
where we employ all-order resummation techniques to address logarithmically enhanced contributions
within QCD perturbation theory. Our calculations extend the pioneering work of Catani et al [1] in this
field, aiming to achieve next-to-next-to-next-to-leading logarithmic (N®LL) accuracy and then consistently
match with the known fixed-order results up to next-to-next-to-leading order (NNLO).

Our approach involves calculating the resummation coefficients in Laplace space where natural ex-
ponentiation of the logarithmic contributions occurs, perform the inverse Laplace transform analytically
up to N*LL accuracy to obtain the resummed distribution in thrust space and then match the resummed
expression to the fixed-order NNLO calculations at large values of 7 using the R-matching scheme. We
compare each step with experimental results, even though the experimental data are measured on hadron
level while our prediction is calculated at parton level. Non-perturbative effects affecting the peak Thrust
distribution are not included; a phenomenological model describing hadronization effects would enhance
the agreement with experimental data, aiding in the extraction of the strong coupling constant «s. The
results presented in this thesis are a step towards achieving a more precise theoretical prediction for the
Thrust distribution in e*e™ annihilation and a more precise extraction of the strong coupling constant cv,,

which is essential for the precision tests of the Standard Model and the search for new physics at the LHC.
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Chapter 1

Introduction

In this thesis, we focus on a specific aspect of theoretical high-energy physics and collider physics: the
resummation of QCD large logarithms for the Thrust event-shape distribution in electron-positron (ete™)
collisions.

High energy physics, often synonymous of particle physics, and collider physics are crucial because
they explores the most basic constituents of matter and helps us understand three of the four fundamental
forces of nature: the strong, weak, and electromagnetic forces. Collider experiments test the predictions
of the Standard Model of particle physics, the most successful theory of particle and interactions to date.
Through high precision theoretical prediction and experimental measurements, it is possible to test the
limits of the Standard Model, search for new physics beyond it and gain a better understanding of the
fundamental forces.

One key parameter of the Standard Model is the strong coupling constant «s, which measures the
strength of the strong force. Precise measurements of « is crucial for accurate predictions in Quantum

Chromodynamics (QCD), the theory of the strong force, as all calculations in QCD depends on it.
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Figure 1: Tree-level Feynman diagram of electron-positron annihilation producing a virtual photon that

decays into a quark-antiquark pair.



One example of a process studied in high-energy physics is electron-positron annihilation, as shown
in fig. 1. Electron-positron annihilation has been extensively studied, particularly during the operation
of the Large Electron-Positron Collider (LEP) at CERN from 1989 to 2000. LEP provided an optimal
environment for precision studies in high-energy physics. Unlike hadron colliders, which are complicated
by strongly interacting initial states, LEP enabled extremely accurate measurements of Standard Model
quantities such as the Z-boson mass. These results tightly constrain beyond-the-Standard Model physics.
Precision data from LEP is also used in Quantum Chromodynamics (QCD) studies to determine the strong

coupling constant, «;.

When high-energy particles collide, quarks and gluons are produced in the interactions. Due to a
phenomenon called color confinement, these quarks and gluons cannot exist freely and thus hadronize,
forming jets of particles. A jet is a collimated stream of hadrons (such as protons, pions, and kaons) that

originates from the hadronization of a single quark or gluon.

In electron-positron annihilation, the electron and positron interact electromagnetically
through the exchange of a virtual photon, which mediates the electromagnetic interaction, virtual refers
to the fact that the photon is off-shell, meaning it does not satisfy the mass-shell condition £ = pc for a
real photon with mass m = 0. This virtual photon can then decay into a quark-antiquark pair in another
electromagnetic process, conserving the electrical and color charge of the initial state, as well as the four-

momentum.

The quark-antiquark pair produced interacts through both the strong force and the electromagnetic
force, as they possess both electric charge and color charge. They can radiate gluons via the strong force
and photons via the electromagnetic force. This radiation process continues, creating a cascade of particles
known as a parton shower. The parton shower eventually hadronizes into jets when the particles are no
longer energetic enough to radiate further, and the final state particles can be revealed by the detectors,

with their momenta measured to study the underlying processes.

As is typical in physics, the equations governing these interactions are highly complex so that finding
exact solutions is nearly impossible. Therefore, functions of interest are often expanded perturbatively,

meaning they are expressed as a power series in a small parameter.

For the electromagnetic interaction, this small parameter is the fine structure constant (or electromag-
netic coupling constant) ae,, ~ %
For interactions involving the strong force, it is natural to use the aforementioned strong coupling

constant, as. This key parameter becomes small at high energies (or equivalently, short distances) due to

the phenomen known as asymptotic freedom of QCD.

2



Extraction of o can be achieved from comparing precise QCD prediction such as the thrust event-

shape distribution against experimental data.

1.1 Thrust variable

Thrust 1" is defined as:

T= m@xizim_: 7| déf177,
DA

where the sum is over all final state particles and 7 is a unit vector that points in the direction which

ey

maximizes the magnitude of 7.

In practice, the sum may be carried over the detected particles only. The thrust distribution represents
the probability of observing a given value of T in eTe™ annihilation, i.e the probability of observing a
configuration of momenta in the final state whose thrust calculated with eq. (1) is 7.

It can be seen from this definition that the thrust is an infrared and collinear safe quantity, that is, it
is insensitive to the emission of zero momentum particles and to the splitting of one particle into two
collinear ones.

In fact, contribution from soft particles with p; — 0 drop out, and collinear splitting of a parton with

momenta P into two partons of momenta (1 — A\)7 and Ap does not change the thrust:

(U= N)gi -+ AG: -l (1= NI - 7M1= |5 - 7,

(1= X)pil+[Apil= (1 = A)|pi|+Alpil= [pil

Formally, infrared-safe observables are the one which do not distinguish between (n+1)-partons and
n-partons in the soft/collinear limit, i.e, are insensitive to what happens at long-distance (non-perturbative)
scales.

Infrared safe observables are important in the context of perturbative QCD, because they allow for a
meaningful comparison between theory and experiment.

A significant challenge in achieving precise theoretical predictions from QCD lies in the complexity of
the relevant fixed-order calculations. While the next-to-leading-order (NLO) results for event shapes have
been known since 1980 [2], the relevant next-to-next-leading order (NNLO) calculations were completed
only in 2007 [3].

From fig. 2, it is evident that the NNLO prediction agrees well with the data, except in the region near

T = 0.5 (spherical final state) and 7' = 1 (pencil-like final state).
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Figure 2: Distributions measured by ALEPH, after correction for backgrounds and detector effects of
thrust at energies between 91.2 and 206 GeV together with NNLO QCD predictions. The error bars corre-
spond to statistical uncertainties. The plotted distributions are scaled by arbitrary factors for presentation.

Image taken from [4].

This is because thrust distribution for 7" ~ 1 is dominated by two-jet configurations, i.e. the final state
particles consist of two partons emitted back-to-back like fig. 1. In contrast, the tail of the distribution near
T = 0.5 is dominated by multijet final states.

To improve the agreement between theory and experiment, we’ll need higher fixed order calculations
(challenging task), but this will only improve the agreement in the tail region, to also improve the agree-

ment in the dijet region we need to use resummation techniques.

1.1.1 Thrust distribution

The cross section is defined as the probability of observing a final state with a given thrust value 7 and
Thrust distribution is expressed in three ways: as a differential cross section, as a cumulative distribution

and as its Laplace transform.



o(r) = -2, @)
T, 1 do

Re(r) = [ ar =3, ®

5(v) = /0 Cared, @

It can be seen that a two-particle final state has fixed 7" = 1 because of momentum conservation, in
fact at the zeroth order of the fixed order this corresponds to a delta distribution for the differential cross
section, as shown in eq. (7), consequently the thrust distribution receives its first non-trivial contribution
from three-particle final states.

The upper limit of 7 or lower limit on 7' depends on the number of final-state partons. Knowing the
lower limit of T is important because it allows us to normalize correctly the fixed-order cross section.
Neglecting masses, for three particles, T4 = 1/3, corresponding to a symmetric trigonal-planar con-
figuration (Figure 3). For four particles the minimum thrust corresponds to final-state momenta forming
the vertices of a regular tetrahedron (Figure 4), each making an angle cos™'(1/+/3) with respect to the
thrust axis. Thus 7,0 = 1 — % = 0.42265 in this case. For more than four particles, as far as we know
there’s no known value of 7,4, in literature, it’s only known that 7,,,, approaches 1/2 from below as
the number of particles increases. For N = 5 the maximum value of 7 was previously estimated to be
Tmaz = 0.4275 by checking at what bin the cross sections is 0 for NNLO Monte Carlo (MC) calculation
of the fixed-order cross sections [5]. We also have another estimate of 7,,,,, for N = 5 from the tables in
[6] of NNLO thrust cross section whose bins end at 7 = 0.445. The numerical NNLO calculation of the
thrust distribution can only give an estimate to the upper limit of 7, limited by the number of events used
in the MC calculation, the smallness of the cross section in the kimematical limit and some small, but non
zero, resolution parameters which are always present in numerical calculation at higher-orders

We have used a stochastic optimization algorithm to find the lower limit of 7" for NV = 5 and found a
configuration which gives 7,4, = 0.4539536 for N = 5 (Figure 5).

Finding the lower limit of 7" is non trivial as it involves a double optimization problem. Given a
configuration of N parton momenta one needs to find the direction of the thrust axis which maximizes
the value of eq. (1) and then find the minimum value of 7" by varying the momenta of the partons and
repeating the process of finding the thrust axis.

A quick way to calculate the thrust axis 72 for small number N of partons in the final state is described in

Appendix A of [60], where the optimization problem of finding the unit vector which maximizes a certain



Minimum kinematical configuration of Thrust for 3 partons T_min = 0.6666667 tau_max = 0.3333333
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Figure 3: Configuration of final state momenta of three partons that maximizes 7, forming a trigonal-

planar configuration.

Minimum kinematical configuration of Thrust for 4 partons T_min = 0.5773516 tau_max = 0.4226484
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Figure 4: Configuration of final state momenta of four partons that maximizes 7, forming a tetrahedral

configuration.
Minimum kinematical configuration of Thrust for 5 partons T_min = 0.5460464 tau_max = 0.4539536
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Figure 5: Configuration of final state momenta of five partons that maximizes 7.



Table 1: The maximum kinematically allowed value of 7 as a function of the number of partons N in
the final state. They should be interpreted as lower limits to the maximum value of 7 since a stochastic

algorithm is not guaranteed to find the absolute minimum.

N 3 4 5 6 7 8
Timaz i - 04539536 04616661 04716270 04737373
N 9 10 11 12 13 14

Tmaz | 0.4782286 0.4802864 0.4816904 0.4840608 0.4836307 0.4842613

2N—1

configuration of final state partons is reduced to a simple loop over — 1 configurations of signs

{s1,...,sn} which satisfies the constraint

— —

pj'n:5j|ﬁj'ﬁ|a %)

where jj; is the momenta of the j-th parton.

To see why the Thrust axis can be found by this method, suppose the constraint eq. (5) is satisfied.

Then the thrust can be written as:

n
T = max = = maxX —————— = MmaxX ———
iyl i b DI

5,17, >, 87, 7 B
=L U _| ©)

i

ye and can be

where P = > ; 8jDi- It is clear that the thrust axis is the direction of the vector i =

found by checking which of the 2V~! — 1 configurations of signs {si,...,sx} satisfies the constraint
eq.(5) forall j =1,---, N and among them choose the one which maximizes the value of eq. (1). There
are in total 2V configurations of signs s1, - - -, Sn, but we have to exclude the one where all the signs are
equal because it violates momentum conservation, and also thrust is invariant under the transformation
i — —7.

We have implemented this algorithm in C++ to calculate the value of Thrust eq. (1) given a set of NV
momenta. We then used metaheuristic optimization algorithms ( Genetic Algorithm (GA) and Particle
Swarm Optimization (PSO)), to find the maximum value of 7 (or minimum of 7") for a given number
N of partons by perturbing repeatedly the initially randomly generated momenta of the partons, always
respecting the constraint of momentum conservation, and calculating the thrust for each configuration.
The results for the first few [V are shown in table 1, then the problem becomes computationally expensive

because the evaluation of the thrust scales as O(2%).
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Figure 6: The maximum kinematically allowed value of 7 as a function of the number of partons N in the

final state. The value of 7,,,,, approaches 1/2 from below as the number of partons increases.

At small values of 7, higher order terms enhanced by powers of In(7) dominates the thrust distribu-

tion. In this kinematical region the real expansion parameter is the large effective coupling o, In” (1) and
(N

therefore any finite-order perturbative calculation cannot give an accurate evaluation of the cross section.

For example, at leading order in perturbation theory the thrust distribution has the form:

T

2045[—41117'—3 }
ke A I
+

1 do
=)
oo dr 3
where o is the born cross section, the ellipsis denotes terms that are regular as 7 — 0 and the subscript

41117’3)} ®)

7-I

+ denotes the plus distribution, which is defined as:
—4Int -3 —4lnT -3 T
[HT } = lim [(HT >9(7’e)+5(7’e)/ d ’(
T + e—0 T 1
Upon integration over 7, we obtain the cumulative distribution:

411/17—34,):| 9)

T 1d
RT(T):/ ar' =22
0 oo AT
2 s T 741 ! €
=1+ a + lim / dr’ nr 3+... +/d7‘/
3mr =0 |/, T/ 1 T/

%[—QInQT—SlnT—i—...].

=1+



Double logarithmic terms of the form o In?" 7 plagues the fixed order expansion in the strong cou-
pling. In the dijet region, higher order terms are as important as lower order ones, necessitating resum-

mation to achieve reliable predictions.

1.1.2 Fixed Order Cross Section

The fixed-order thrust differential distribution has been calculated to leading order analytically and to NLO
and NNLO numerically, as mentioned earlier. At a centre-of-mass energy () and for a renormalization

scale u, the differential cross section takes the form:

L L =i+ G L+ (0‘2;’_‘))%5(7 £+ (“;ﬁf‘))sif(f, 5+ 0,
(10)

where the complete leading order expression for the thrust distribution reads [2]:

dA 3 4 L-27

with Cp = % the Casimir of the fundamental representation of SU(3). As mentioned earlier, this

expansion becomes unreliable near the dijet limit 7 — O due to the presence of large logarithms. Resum-
mation of these terms to all orders in s is necessary to obtain a reliable prediction.

The cumulant distribution has the following fixed-order expansion:

as(p) °

Rr(r) =14 A2 W | gy )2 )

2T 2T

+ C(7, )

+0(ay), (12)

the fixed-order coefficient A, B and C can be obtained by integrating the differential cross section
eq. (11) to all order and imposing the normalization condition R(7,,4.) = 1, where 7,4 is the maximum
kinetically allowed value of 7. At leading order (ete™ — qG9) Tmaz = %, at Next-to-Leading Order is
Tmaz = 1 — % and from NNLO onwards 7,4, needs to be estimated numerically table 1.

At leading order we have:

™ 2
A(r) = / dr’ d—A, = C’F(gi —2In*(1 — 7) — 2In%(7) 4 67(In(7) + 1)

+4In(1 —7)In(7) — 31n(7) + 3(1 — 27) In(1 — 27) (13)

—4L12<1i7>).




For NLO and NNLO calculations, we use the numerical results from Table 1 in [6], interpolating the
data to obtain the fixed-order coefficients B and C.

We plot the fixed-order results for the thrust distribution in fig. 7 and compare it with data from OPAL
[71, DELPHI [8], [9], ALEPH [10], [1 1], L3 [12] experiments at LEP, as well as the SLD experiment [13]

at SLAC. The fixed-order predictions show good agreement with the data in the middle region of 7.

1 do
o dr
20_ » OPAL
« DELPHI
« ALEPH

» L3
= SLD

— Lo

— NLO

— NMNLO

fosi—i—e——+H—— T
0.4 0.5

Figure 7: Fixed-order predictions for the thrust distribution at leading order (LO), next-to-leading order

(NLO) and next-to-next-to-leading order (NNLO) compared with data from LEP and SLD experiments.
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leading order (NLO) and next-to-next-to-leading order (NNLO) in the tail region.
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Chapter 2

Resummation formalism

2.1 Soft-gluon effects in QCD cross sections

Soft-gluon effects and the soft-gluon exponentiation are reviewed in [14] and [ 5], here we summarize the
physical motivation and main ideas of the resummation of soft gluon effects in QCD.

The finite energy resolution in any particle detector implies that the physical cross sections, those ex-
perimentally measured, inherently incorporate all contributions from arbitrarily soft particles produced in
the final state. In other words, because we lack the ability to precisely resolve the energy of soft particles,
we are unable to distinguish between their presence or absence in our calculations (see fig. 9). Conse-

quently, we must account for the sum over all possible final states.

et

Figure 9: Examples of one loop Feynman diagrams whose final state is identical to the Tree level diagram

in fig. 1

This inclusiveness is essential in QCD calculations. Higher order perturbative contributions due to

virtual gluons are infrared divergent and the divergences are exactly cancelled by radiation of undetected

13



real gluons. In particular kinematic configurations, e.g Thrust in the dijet limit 7' — 1, real and virtual
contributions are highly unbalanced, because the emission of real radiation is inhibited by kinematic con-
straints, spoiling the cancellation mechanism. As a result, soft gluon contribution to QCD cross sections
can still be either large or singular.

In these cases, the cancellation of infrared divergences bequeaths higher order contributions of the

form:

1
Grma2In™ = withm < 2n, (14)
T

that can become large, o, In? % 2 1, even if the QCD coupling ay is in the perturbative regime

as < 1. These logarithmically enhanced terms in eq. (14) are certainly relevant near the dijet limit
7 — 0. In these cases, the theoretical predictions can be improved by evaluating soft gluon contributions
to high orders and possibly resumming to all of them in o [5], [16].

The resummation of large logarithms in event shape distributions was described by Catani, Trentadue,
Turnock, and Webber (CTTW) [1].

The physical basis for all-order resummation of soft-gluon contributions to QCD cross sections are
dynamics and kinematics factorizations. The first factorization follows from gauge invariance and unitarity
while the second factorization strongly depends on the observable to be computed.

In the appropriate soft limit, if the phase-space for this observable can be written in a factorized way,
then resummation is feasible in the form of a generalized exponentiation [ | 7]. However even when phase-
space factorization is achievable, it does not always occur in the space where the physical observable x is
defined.

Thrust is a good example of this situation, in fact, the thrust distribution admits a factorization in

Laplace space, where the observable is the Laplace transform of the thrust distribution.

2.2 CTTW formalism

According to general theorems [ 18],[19],[20], the cumulant cross section Ry (7) eq. (3) has a power series

expansion in as(Q?) of the form:

Rr(1) = C(as(Q%)S(r, s (Q%)) + D (1, a5 (Q%)), (15)
where

14



Clas) =14 Cpal, (16)
n=1
[e%s} 2n 1
2(7, a5) = exp ay Z Gpm In™ — |, (17)
n=1 m=1 T
D(r,a5) = al Dy (). (18)
n=1

Here the C), and G, are constants and &5 = 5=, while D,,(7) is the non-singular part of the fixed-
order expansion of Rr(7) eq. (12).

Thus at small 7 (large thrust) it becomes morst important to resum the series of large logarithms in
(7, ag). These are normally classified as leading logarithms when n < m < 2n, next-to-leading when
m = n and subdominant logarithms when m < n.

The cumulant cross section R(7) in the small 7 region, in general, can be written in an exponential

form as : (neglecting the D(7, a) term)

Ry(7) ~ (1 + Z Cna8"> exp[Lg1(A) + g2(A) + gs(N)as + ga( N + gs(N)a? + O(ag‘)], (19)

where L = In % and A = a,bg L. The function g; encodes all the leading logarithms, the function go
resums all next-to-leading logarithms and so on.

The last equation gives a better prediction of the thrust distribution in the two-jet region, but fails to
describe the multijet region 7 — 7,4, , Where non-singular pieces of the fixed-order prediction become
important. To achieve a reliable description of the observable over a broader kinematical range the two ex-
pressions eq. (12) and eq. (15) have to be matched, taking care of double counting of logarithms appearing
in both expressions.

Expanding eq. (15) in powers of a; we have:

R(r) =1+ RV (na, + R¥(r)a? + R®) (r)ad + ..., (20)
where
2n 1
M () = In™ =+ D 21
R (T) mz::anm n - + n(T)a (21)

and the first three terms given by:

15



1 1
RW(r) = C) + Gz In? —+Guln—+Dy(r),
1 1 1
R(2)(7') = CQ =+ iG%Q 11’14 ; + (G11G12 -+ Ggg) h’l3 ;
1 G? 1
+ 1112 — (ClGu + —i + Gzz) +1n— (ClGn + G21>
T 2 T
+D2(T)7
1

1 1 1 5
RO(r) = Cy + £GhHIn’ — + (QGHG%Z + G23G12) - (22)

1/1 1
+1n* - (201(;%2 + §G12G%1 + Ga23G11 + G12Ga2 + G34)

1 G

+1n® - (C1G126'11 + C1Gas + 611 + Go2G1 + Gr2Gar + G33>
1/1

+ 1n2 ; (QClGil + CQG12 + 01G22 + G21G11 + G32>

1
+1In ; (CQGll + C1Gay + Ggl) + D3(T)

To see how the resummation works, we can write the contributions to the cross section in a tabular

form:

Table 2: Fixed-order and Resummed expansion contributions to the thrust event shape cross section.

LL NLL NNLL N3LL N4LL
LO @& Ry, Riy  Ci+4Di(7) - - -
NLO a2 Ry Ra Roy Cy + Do(7) - -
NNLO a&® Rsy Ras Rss R31 Cs+ Ds(r) -
N°LO & Rys Ru Ry Ryo Ry

Normally, in perturbation theory, the fixed-order expansion of the cross section is expanded in powers
of o, line by line in the table above thereby taking all s terms first (the so called leading order, LO),
then all ag terms (the next-to-leading order, NLO) and so on. However, for small 7 one has that as L ~ 1
with L = In %, therefore by only taking the first line one does not take into account all other terms in the
first column which are all of the same magnitude. In order to have a better prediction of the cross section
in the small 7 region, one needs to sum all the terms in the first column first (the leading logarithms, LL),
then all the terms in the second column (the next-to-leading logarithms, NLL) and so on.

This is achieved by knowing the resummation coefficients g; in eq. (19). In fact by expanding In % g1(N)

16



in a5 we get all the coefficients G, 11, expanding go(X) yields the coefficients G.,,, expading asgs ()
yields G,,,—1 and so on.
The difference between the logarithmic part and the full fixed-order series at different orders is given

by the remainder function D(7, as):

Dy(7) = B(r) — R¥(7), (23)

which contains the non-logarithmic part of the fixed-order contribution and vanish for 7 — 0.

However, in order to calculate the resummation coefficients g;(\), whose expansion in «; yields the
Gm coefficients, we need to perform an inverse transformation from Laplace space to real space. This
necessity arises because the factorization is carried out in Laplace space. As demonstrated in [1], the
problem of resummation can be recast in the form of an integral equation in Laplace space eq. (24), whose

solution directly provides the exponent function.

~ td 2 u@® 1
In J,(Q%) = /0 S Gy [ / g @A + 5B @), 24

where J Z(Qz) is the Laplace transform of the quark jet mass distribution, a quantity related to the
thrust distribution.

We’ll see explicitly in the next chapter that resolving the above integral gives the exponent:

Flas,InN) = LA + f2(N) + fs(Nas + fa(N)a? + fs(N)a? + O(al), (25)

where L = In N = ln(uQQ) and A = abygL. We require the functions f;()\) to be omogeneous,i.e

f:(0) = 0, so that at N"LL we can write:

Farr ) = Grpprnaf L (26)
k>n

This requirement is automatically satisfied if we choose as variable L = In (N%) where Ny = e 7%,
v = 0.5772... being the Euler-Mascheroni constant. With the latter choice the terms proportional to
~vE and its powers disappear. The advantage of the variable N is that the total rate is directly reproduced
by setting N = 1, while in the variable n = N/Nj it’s when N = Nj. These two choices differ only

by terms of higher order in yg. In literature the variable N is more common and in order to compare
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with other results we’ll use the variable [V, we can recover the results in the variable n by simply setting
YE = 0.
In the presentation of CTTW, N¥LL accuracy means how many terms g; in the exponent of eq. (19)

are known.

18



Chapter 3

Resummed Calculations for Thrust

We now turn to one of the many results of the present work: the calculation of the resummation coeflicients
fi(X) of the Sudakov form factor exp{ F}. To compute the f;()) functions, equation eq. (24) is used, which
requires knowledge of the p-dependence of the QCD running coupling a5 (). We therefore proceed firstly
to calculate the running coupling a;(p) from LO up to N*LO because the QCD j-function is known up

to five loops [21]. We then use the obtained results to calculate the f;()) functions up to i = 5.

3.1 QCD running coupling

A surpring effect of the renormalization procedure is that, after renormalization, the coupling “constants”
are not constant at all, but depend on the energy.

One way to understand this is the following: Classically, the Coulomb potential between two sources is
then given by V' = 2, characterized by a universal coeflicient — the coupling constant o, which quantifies
the force between two static bodies of unit “charge” at distance r, i.e., the electric charge for QED, the
color charge for QCD, the weak isospin for the weak force, or the mass for gravity. Consequently, the
coupling « is defined as being proportional to the elementary charge squared, e.g., Qe = % where e is
the elementary electric charge, or oy = % where g is the elementary gauge field coupling in QCD. In
the non-relativistic limit of QCD, % is the coordinate-space representation for the propagator of the gluon
(force carrier) at leading-order in perturbation theory: in momentum space, the analogous propagator is
proportional to q% where q is the boson 4-momentum (Q? = —¢? > 0).

For sources interacting weakly, the one-boson exchange representation of interactions is a good ap-

proximation. However, when interactions become strong, higher orders in perturbation theory become
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noticeable and the % law no longer stands. In such cases, it makes good physics sense to fold the extra

r-dependence into the coupling, which thereby becomes r, or equivalently 2, dependent.

Another way to view this is that the running of the coupling is due to vacuum polarization. The
vacuum is not empty, but is filled with virtual particles that are constantly created and annihilated which

can interact with the propagating particles, leading to a modification of the interaction strength.

While in QED, the extra r-dependence comes only from the vacuum polarization. In QCD, « receives
contributions from the vacuum polarization and from gluon self-interactions since the gluon has a color

charge.

The two couplings have opposite trends: the QED coupling increases with energy and the theory could
eventually become strongly coupled at extremely high energies, whereas the opposite happens for the QCD
coupling as it is large at low energies and decreases with energy. This property of being weakly coupled
at high energies is known as asymptotic freedom and it means that perturbative calculations in QCD can

be used at high energies where «; becomes small enough that a power expansion is meaningful.

In the framework of perturbative QCD (pQCD), predictions for observables are expressed in terms
of the renormalized coupling o = «(?), a function of an unphysical renormalization scale y1z. The

coupling satisfies the following renormalization group equation (RGE):

d
u2d—:; = Bla) = — (b0a2+b1a3+b2a4+...) , 27

where by is the 1-loop S-function coefficient, by is the 2-loop coefficient, by is the 3-loop coefficient.
Ca=3and Cp = % are the Casimir operators of the adjoint and fundamental representations of SU(3),

Tr = 3 is the trace normalization, n is the number of active quark flavors.

It is not possible to solve eq. (27) as it is for two reasons: only the first few b,, coefficients are known (up
to by); the exact equation becomes more and more complicated as more terms of the series are included,

making it impossible to obtain an analytic solution.

In order to solve both problems, the equation is solved in the following way: at first only by is included
and the obtained solution is called ;o , as it will only contain a term proportional to « ; then also b; is
included and only terms up to the second order in « are kept to obtain anro ; this same procedure is used
to obtain anxnLo » N3O » ONiLo - There will be a complication in calculating anio and higher orders

which will be explained and resolved in the following sections.
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3.1.1 One-loop running coupling and higher order corrections

The one-loop running coupling oy ¢ is obtained by solving the RGE eq. (27) with only the first term of the

[B-function:

W=7 = —boag. (28)

This equation can be solved by separation of variables and imposing the boundary condition a(Q?) =

gt
a(p?) q p? du?
/ —‘;‘:/ ~bo L (29)
Q) @ 2 H
and one obtains:
Qg
aro(p?) = (30)

1+ bgag log(é—z) ’
in which one can observe the decreasing with energy trend of the running coupling (asymptotic free-
dom).

It is useful to define the variable A\, = bya, log (5—2) so that:

p— as
1+

aro(1?) (31)

In order to obtain the two-loop running coupling anio, we need to solve the RGE with the first two

terms of the S-function eq. (27):

da

2 _ 2 3
I a2 —bpa” — b1, (32)
but this equation is not solvable in a straightforward way as the one-loop equation, we have to use the

perturbative approach. We can rewrite the equation as:

2
do _ b (1-%@, (33)

dp? 2

and expand the « term in the parenthesis as:

a = aio + da, (34)
where «y ¢ is the one-loop running coupling and d« contains the higher order correction, one obtains:
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do bt b
i 2 LO

bo bo
Observe that in parenthesis, by keeping 1 gave us the one-loop running coupling, by keeping Z—;a LO

5 =

dar). (35)

we can obtain the first order corrections and d« are needed for higher order corrections. The equation to

solve is then:

o) g w dp? by 9
-— = —bp—5 (1 — — . 36
/a o2 / oz (1= goaro(w?)) (36)

Using Mathematica [22] to solve this equation, we obtain the two-loop running coupling:

s

as
1 + AL —I—asg—;log(l + )’

QNLO (MQ) 37

in which the expansion in powers of «, is not explicit. One can expand in powers of o by keeping A,

fixed and only keeping terms up to O (az) by doing so one obtains:

b
anto (12) = aro(p?) — ia%o (1?) log(1 + Au) + O(a2). (38)
We found the correction:
b
danto () = =3 afo (1) log(1 + ). (39)

By repeating the same procedure, one can obtain the three-loop running coupling oy n 1o and so on.
In order to calculate higher order corrections, one need to be careful of the powers of o needed for the
desired order, and the contributions to various orders of o may not be immediately apparent, but they are

straightforward to compute. Expand the running coupling in powers of «a as:
a = aro + danLo + dannLo + dansLo + daNio + - - -, (40)

with (SOJNLO = O(Oés), 6aNLO = (’)(ozf), 5aNNLO = O(Oég), (SOéN‘JLO = O(O&;l), 604N4LO = O(Ozi), and so
on.
We present these contributions in the following table:
For the three-loop running coupling, the equation to solve is:
d b b
2 ac 1 22,2

p?—— = —bpad®(1 — —a

h O 50 1)

One can substitute the expansion of &« = oo+ danLo + O (az) in powers of s and retain only terms

up to O(a?), with this prescription the equation to solve is:
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Table 3: Contributions to different powers of «.

Power O(a,) O(a?) O(a?) O(a?) O(ad)

a ao  danLo danNLo dansLo daniLo

o? oo 2a00an0  dad o+ 2a00annio  2a00ansio + 3aLodad; o

a? ado 3aiodanLo 3aZo0annLo + 3aLodad; o

at ato 4oi 6anLo

a® o

o 2
/a ! )—iogé = /Z —bo(iif(l - %QNLO(MQ) - %a%o(lf)% (42)

s

solving the above integral yields the three-loop running coupling ayNLO:

annLo (1) = aro(p?) + danco(p?) + dannio (12), (43)
with
2 O‘I?:O (/~‘2) 2 212 2
JONNLO (,u ) = 71)2 (bl/\u — bobg/\u + bl 10g (1 + )\M) — bl log(l + )\M)) . 44)
0

Similarly, one can obtain the four-loop running coupling o 53 . o and five-loop running coupling ay4 1.0

aneLo (1) = o (1?) + danco (1) + Somnro (%) + dansro (1), (45)
4 (2
6aN3LO (MQ) = %07(5) (- (b? — 2b0b2b1 + b%bg) A2
203 "
— (268bs — 2bobibz) Ay — 263 log® (A, + 1) + 5b7 log® (1 + A, (46)

+ (2bobyby (27, — 1) — 4b3X,) log (1 + A#)),

anao (%) = oo (#?) + danro (17) + damnio (%) + danzro (1?) + Sanaro (1°), 47)
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5
Sanio = 06% ((2b;l — 6bobab; + 4b3bsby + 2b5b5 — 2b3bs) A
0
+ (967 — 24bobab] + 9b3bsby + 126503 — 6b3bs) A7
+ (6b3b1bs — 6b3ba) Ay, + 607 log* (1 + \,,) 48)
—26b1 log® (A, + 1) + 9 (207 — 2bobTba) A, + b} + 2bobob?) log® (1 + A,,)
+ (6by (b — 2bobaby + bbs) A2, + 6by (—3bF + bobaby + 2b3b3) Ay

— 6bybsb?) log(1 + /\H)).

The plot of the running coupling s as a function of the energy scale (zm.)? for different orders
of perturbation theory, where m, = 91.18 GeV is the mass of the Z boson, is shown in fig. 10. The
global average value of the strong coupling constant is s (m?) = 0.1179 4 0.0009 [23]. For the plots
as(m?2) = 0.118 is used.

as(xz}
0.18
— aLo
0.16
— QNLO
0.14
ANNLO
0.12
— Gan3Lo
0.10 -
—— an4LO
0.08: .
1 2 3 45 6 7 8 9 107

Figure 10: Energy dependence of the strong coupling «

In fig. 11 wee see that at low energies the running coupling « is large and diverges at a finite energy

(the so called Landau pole), this is a sign of the non-perturbative nature of QCD at low energies.
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Figure 11: Zoom-in at low energies of the strong running coupling o at different orders
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3.2 Calculating the resummation coefficients

In this section we discuss the calculation of the resummation coefficients f;(\) for the thrust distribution.
In the article by Catani, Turnock, Webber and Trentadue [16], it was observed that for a final state

configuration corresponding to a large value of thrust , eq. (1) can be approximated by

R RS

(49)

where k2 and k3 are the squared invariant masses of two back-to-back jets and Q? is the energy of
the center of mass. Thus the key to the evaluation of the thrust distributions is its relation to the quark jet
mass distribution J9(Q?, k?), also denoted as J o (Q?), which represents the probability of finding a jet
originating from quarks, with an invariant mass-squared k2, produced in collisions with a center-of-mass
energy Q2.

Then the thrust distribution R (7, as(Q?)) eq. (3) takes the form of a convolution of two jet mass

distributions J(Q?, k%) and J(Q?, k3)

Relrad@) =, [Tt [ agr@@e(s (50)

k? + k3
7K1 ’

QQ

Introducing the Laplace transform of the jet mass distribution:

Th(Q?) = / T IUQA K d?, (51)

0

where v is the conjugate variable to k2 in Laplace space,

and the integral representation of the Heaviside step function:

K} + k3 1 [OFi®dN |, —NEHE
@(T— 1t 2) / —eVTe M=o (52)

Q2 - Tm C—ioco N ,

where N = vQ?.
By substituting eq. (52) into eq. (50) and setting N = v(Q? we obtain:

Cioe N eNT [ o 2 > 2

ror = [ e tgon| [ [T e @)
1 C+ioco N [=a ) 2dN

=i | V@]

(33)

where C' is a real positive constant to the right of all singularities of the integrand .J ,(Q?) in the

complex v plane.
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An integral representation for the Laplace transform J ,(Q?) is given by [1]:

InJ,(Q% = /01 du (e*’“’Q2 — 1) [/UUQQ iQA(ozs(qz))dqz + B(as(UQQ))] ) (54)

u

with

Alay) :i/xn(i‘“)", B(a,) :iBn(i‘“)".

Function A(«y) is associated with the cusp anomalous dimension and governs the exponentiation of
the leading logarithms (LL). It captures the resummation of the soft and collinear gluon emissions that
dominate in the limit of large thrust values.

Function B(ag) includes the next-to-leading logarithmic (NLL) corrections and accounts for sublead-
ing contributions from hard collinear emissions. It typically involves the non-cusp part of the anomalous
dimensions and running of the coupling constant.

The integral as it is cannot be integrated since it involves the Landau pole where as(¢?) diverges. The
u integration may be performed using the prescription discussed in Appendix A of [24] and readapting
the formula to the case of Laplace transform instead of Mellin transform.

This method is a generalization of the prescription to NLL accuracy in [!]

N,
e 1~ —O(u—v) withv = WO , (55)

where Ny = e™ 7=,
In appendix A we show that the prescription to evaluate the large-N Mellin moments of soft-gluon
contributins at an arbitrary logarithmic accuracy, can be used for the Laplace transform as well, then we

can use this result to express eq. (24) in an alternative representation:

~ 1 U uQ? ~
wIl@)=- | dl/ L A(na?)ag® + L Bl (u@?)

No/N U 22 4

~ MQ
+InC (as(,uz), Q2) . (56)

After performing the integration up to a fixed logarithmic accuracy N* LL (i.e we compute the leading

n+1—k

al In"*! N, next-to-leading a2 In™ N and so on to o In terms ), we find the form factor:

In75,(Q%) =N AI(N) + f2(N) + asfs(N) + a2 fs(N) + 0l fs () + O(af " ™" N)
2

+lné<as(,u2), gz> (57)
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From now on we’ll always use eq. (56), so we’ll drop the notation for B.
We observe that the N-space formula eq. (56) is finite and uniquely defined up to the very large N =

Ny =exp (ﬁ), where \ = %, thanks to the prescription above.

3.2.1 resummation functions

To calculate explicit expressions for the first few f; terms, we first write explicitly the internal integral of
eq. (24), for now on let’s forget the In C term, since it can be absorbed into the definition of A and B:
The ¢ integration also becomes simple if we use the renormalization group equation eq. (27) to change

the integration variable to as

dg? dog b b2 — bob —bsbZ + 2byby by — b3
2% (1-a, Mag (—0s03 2b1%0 1)a§
q2 b0a§ bo bO bO
(—b4b8 + 2b3b1b3 + b%bg — 3b2b§b0 + b‘ll) 4
+ X [o'%
0

n o(a§)> (58)

dagg
= _W(NO + Nlas + Ngag + N?,Oég + 1\740/51 + O(ag))v
0Cs

where for convenience’s sake we have defined:

by (b3 — babg)
Ny =1 Ny = — Ny =
0 3 1 bo, 2 b(g) )
—b3b2 + 2byb1 by — b3
Ny = ( 3% b32 190 1)7 (59)
0
(fb4bf; + 2bgb1b(2) + bgbg — Sbgb%bo + b‘ll)
Ny = 7 .
0

Subsequently, the integral in eq. (56) can be expressed as:

s(uQ) 4, . > o\ "™
/ 5 (No + N, + Nao? 4+ Nga? + Nyad) 3 4, (%)
as(u?Q?) boar? n=1 T

_ /as(qu) % A1 Ny n TAI Ny + Ay n (7TA2N1 +7T2A1N2 + A3)Oz
B a,(u2Q?) bo T 2 3 ®

(7TA3N1 + 7T2A2N2 + 7T3A1N3 + A4) 2
+ I (o'

(60)

T

wA4Ny + 12 A3Ny + 13 A5 Ny + AN, + A
+( 41V1 3.V2 52 3 14V4 5)0424—(9(04;1)),

™
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and keeping only terms up to No,A; and o) we get contributions to fi, keeping terms up to Ny, A
and ! yields contributions to f> and so on. That’s because after integration, we evaluate the integrand at
as(u?Q?) and a,(uQ?), where o is ag o for f1, anio for fo and so on.

And there’s an easy way to see why it’s like this, in fact it’s also possible to do the ¢? integration

directly, using eqs. (31), (39), (44), (46) and (48) from section 3.1 and keeping in mind table 3.

uQ@? d 2 > An n
/u2Q2 q% Z F(QLO(QZ) + Sanro(q?) + Sannto(q?) + dansro(q?) + danaro(g®) +...) ", (61)

n=1
now we can see that if we consider terms up to o} only A; contributes and this gives f1, if we consider
terms up to o we see As starts to contribute together with A;dani o and this gives fa , for f3 we need to
consider terms up to & and so on.
For the B-term it’s similar. However, since the B-term is already integrated” in q2, it contributes one
order lower in oy compared to the A-term. Specifically, B; starts to contribute from f5, B from f3 and
SO on.

Now armed with this knowledge we can calculate eq. (56) and find:

nJ5(Q%) =W Nfi(\) + fo(A) + asfz(A) + a2 fs(A\) + a2 fs(A) + O(a "™ N) +1n C(a,(u?)),

(62)
where A = asbgIn N, N = vQ?, a, = as(Q?) and
i) = — A [(1—22)In(1 —2X) — 2(1 — A) In(1 — \)] (63)
LA = T oo . . ’
. AQ B]_ 111(1 - )\) 'YEAI
PN =5 7 [2In(1 — A) — In(1 — 2)\)] + anbe e [In(1 —2X) — In(1 — \)]
_ Aiba —In?(1 -\ + 11112(1 —2X) — 2In(1 — A) + In(1 — 2)) (64)
27b3 2 ’
As ) B, By
() = — A A
e 103 W AN T e M FoT g
b1 A 9
: A2 4 (1= A)In(1 —2X) —2(1 — 2X\) In(1 — A
TR - DA 1) [34% + (1= ) In ) -2 )In(1 = N)]
YEA2A B1b; YEB1A YL AIN(2)\ — 3)

A+ In(l—XN)]+

o m2he(A—1)(2A—1)  2mbE(A —1) or(A—1)  2r(A—1)(2A—1)
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b1y A
(A —1)(2A - 1)
B biA;

2mba(A — 1)(2A — 1)

+

A+ (1—20)In(1 = A) — (1 — A) In(1 — 2))]

(2 + 22 = 1) In(1 = )@\ +In(1 - 2)))

+ % (1 =N In*(1—2))) —2(A — )AIn(1 — 2))

. bonAl
2mbg(A — 1)(2A — 1)

A2+ (A =1)2X = 1)(2In(1 — ) +In(1 — 2)))],

AgN? (202 — 61+ 3) Bs(A —2)A b1 A3

fo) = i 1@ = 12 T ambe (= 12 T R0 - 12N - 12

[15)\2

+10(A = 8)A + 3(A = 1)?In(1 = 21) = 6(1 = 21)2In(1 - )|
YEASA(B\ — 2) YeBa(A—=2)A  b1Bz [\ —2)A —2In(1 - \)]
2m3bo(A — 1)2(2A — 1)2 ' 272(\ — 1)2 4202 (N — 1)2
’y%:AQ)\ (4)\3 — 12)\2 + 15)\ — 6) bl’yEAg

[)\(2 —3))

2 12N 12 | 2mR2(h - 1)2(2h — 1)
by A3 (4N — 3)
323 (A — 1)2(21 — 1)2

+2(A = 1)2In(1 = 21) = 2(1 = 202 In(1 = X)| +

- b2 A,
127265 (A — 1)2(21 — 1)

- [ﬁ (22)2 = 30\ + 9) + 3(A — 1)2In*(1 — 2))

+3(0 = 1)2In(1 — 2\) — 6(1 — 2A)2In(1 — A)(In(1 — ) + 1)]

boYeB1(A —2)A  biypBiln(l — \) by B1 A2
Ar(X —1)2 2nbo(A — 1)2 | 4mb2(A —1)2
N 2B (A —In(1 = A\)A+1n(1 — X)) boygArA (1203 — 3677 + 39X — 14)
ATh3(A — 1)2 6m(A — 1)2(2XA — 1)2

+ birp A 200 — 1)%In(1 — 2\) — (1 — 2))2In(1 — A)]

27bo(A — 1)2(2X — 1)2
- biyeds [(4) = 3)22 — (1 = 20)2In%(1 — ) + (A — 1)2In?(1 — 2))]

2mb3 A1 (A — 1)2(2X — 1)2

b3 A,

B 127((;8()\ _ 1)2(2)\ —1)2 [4(3 - 4/\)>\3 +2(1 - 2)\)2 In(1—AX) (1112(1 —\) — 3)\2)

bg"}/EAl)\z(llA — 3)
27h3 (A — 1)2(2X — 1)2

F1200 — 1)22%In(1 — 2)) — (A — 1)2In3(1 — 2)\)} +

bleAl
12763 (A — 1)2(21 — 1)2

[A2(2)\(3 —TA) +3) +3(8A2 = 4A+1) (A— 1)2In(1 — 2))

b3A1
12763 (A — 1)2(2) — 1)2

“6(1— 202200 — DA + 1) In(1 — A)} + [(2@ — 3)A+3)A2
—6(22% =30+ 1)"In(1 = X) +3 (2% = 3A+ 1) In(1 - 23)]
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AsA? (4X* — 18X% + 3302 — 24\ +6)  ByX (A2 —3X1+3)
B 12753 (A — 1)3(2A — 1)3 + 6mib(\ — 1)3
A (TN - 9A +3) N by Ay

3mdbo (A — 1)3(2A — 1) 36m4b3 (A — 1)3(2A — 1)3

fs(\) = (67)

[7/\2()\0\(2)\(2)\ —9) +33) — 24)

vEB3A (X2 = 3) 4 3)

+6) = 600~ 1)*In(1 - 22) + 12(22 = 1)* In(1 - )] +

2m3(A = 1)3
biB3 (A* —3A% + 31+ 3In(1 — X)) N Y5 AzA (BAS — 36A* 4 6613 — 69A% + 39X — 9)
6m3b3(A —1)3 2m3 (A — 1)3(2A — 1)3

B biveAs
39020 — 1)5(2) — 1)3

[A((g ST —3) 4+ 30— 1)%In(1 — 2))

ba AzA® (4X3 — 18A% + 191 — 6)
— j— 3 — —
320 — 1) In(1 - V)] + P PRI

b2 Ay
36m3b5 (A — 1)3(2X — 1)

+240% — 6(A — 1)3In(1 — 2X) + 6(2A — 1)3In(1 — A)(3In(1 — A) + 2)}
bovEBoA (A2 =3X+3)  biypBaln(l— ) 03By (A* = 3A2 4+ 3In*(1— X))

. [A3(A(26A(2A —9) +303) — 150) — 9(\ — 1)®In%(1 — 2))

272(\ —1)3 72by(\ — 1)3 6m2b3 (A —1)3
baBa(A — 3)A%  boyg Ao (24X% — 108A* + 198X3 — 193)\% + 99\ — 21)
6m2b3 (A — 1)3 3m2(\ —1)3(2A — 1)3

bive A,

+ [)\2()\(18)\—25)+9) +3(00—1)>3In2(1 — 2))

3m2b3(A — 1)3(2A — 1)3
baypAaA? (18X% — 25X +9)
3m2b3(A — 1)3(2X — 1)3

—3(2A —1)3In2(1 — )\)]
B A,

T 36m25(r — 13(2A — 17

—6(A—1)*In®(1 — 20) + 12(2A — 1) In(1 — A) (=3A + In*(1 — \) + 1)

by Az A3 (2003 — 54N + 45 — 12)
127263(A — 1)3 (21 — 1)3

{)\2()\()\(2)\(50/\ —171) + 339) — 114) + 6)

+6(6A—1)(A = 1) In(1 - 23)| +

o bl’Y%AQ
72ho(A — 1)3(21 — 1)°

_ boby Az
187263 (X — 1)3(2x — 1)3

£ 360 —1)(A = 1)3In(1 — 2\) — 6(2\ — 1)3(3A — 1) In(1 — A)]

VBN (N —3A+3)  bypBi (A— In?(1 = A) +In(1 = \))

6m(A —1)3 22 (A —1)3

[Q(A —1)3In(1 - 2)) — (22— 1)°In(1 — A)}

{)\2()\()\(4)\(20)\ — 63) + 237) — 75) + 3)

BB
m(x (1= A)) (2A% = 3A+2In%(1 — A) — 2AIn(1 — A) — 3In(1 — \))
0
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boypBiA  bsBiA2(2A—3)  biv3Bi (A3 —3A2 + 31 — 2In(1 — )))

2rbo(A —1)7 12702 —1)° I — 1)
bob1 B1A (2A% — 3X — 3In(1 — \)) WyEAL 4
2A—3)[2
673 (A —1)° oo A 3)[28)

bi”YEx‘h
6mbi (A — 1)3(2A — 1)

~ 8403 410502 — 63\ + 15} + [/\2(4/\(3(/\ —3)A+8) —9)

— 20 = 1)2In®(1 = 2)\) +3(A — 1)3In?*(1 — 2)\) + 120(A — 1)%In(1 — 2))
+(2) = 1)3In(1 — A)(In(1 — A)(2In(1 — \) — 3) — 6>\)}

biA,
24mb8(A — 1)3(2X — 1)

— 2022 — 1)?In(1 = A) (2022 — 3)A2 + In(1 — A)((In(1 — A) — 2)In(1 — A) — 6)))

+

. [8()\ ~1)3A%(4\ — 3) In(1 — 2))

+ 233 (A (—28\7 + 54X — 33) +6) + (A — 1)*In*(1 — 2)) — 2(A — 1)*In®(1 — 2))—
bQ’Y2EA1)\ (4)\3 — 6+ 3) b3’}/E/\2 (12)\3 —36A2% + 32\ — 9)

1200 = 1)°Aln?(1 - 2))| b — 1P =1 | 62— 1P (2 — 1)

N b2 A,
36mbg(A —1)3(2A — 1

—12(22% =30+ 1) In(1 = X) +6 (2% = 3A + 1)  In(1 - 2|

n bivpAL
2mb3(A — 1)3(2A —1)3

20— 1 1In(1 — 2\) — (2A — 1)3(In(1 — A) — 1) In(1 — A)}

- bab2 A,
36mb5(A — 1)3(2A — 1)3

— 18A(A = 1)*In*(1 — 2X) + 6 (6(1 — 2))*A — 1) (A — 1)*In(1 — 2))

E [AQ(G — MA(A(10A 4 9) — 69) + 42))

[A (4X% — 61+ 3) +2(A — 1)* In®(1 — 2)\)

[)\2()\()\(2(153 — 82\)\ — 165) + 12) + 6)

—6(22 — 1) In(1 — A) (BA(A — 1)> — 3AIn(1 — \) — 2)}

bivsAr
GrN— 1) (2A — 1)

— 8% In(1 — 2X) 4+ 9927 — 2427 In(1 — ) + 2422 In(1 — 2)) — 21\

+

{24%5 — 108\° + 198A* — 19323 + 1673 In(1 — \)

F120In(1 — A) — 242 In(1 — 2)) — 2In(1 — A) + 81n(1 — 2>\)]

_ beI'YEAl
3nb3 (A — 1)3(2A — 1)

— 32\ —1)*In(1 — A)] +

- [/\(4>\(3()\ —3)A+8) — 9) +6(\ —1)%In(1 — 2))

bsbi A
18mbE (A — 1)3(2X — 1)3

[)\3()\(4(18 —7A)A —51) + 6)

+ 302+ 32AABA = 9) +3) — 1)(A — 1)*In(1 — 2))

— 322 — 1)3(AMA@AX — 9) +6) — 2)In(1 — A)}
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B by Ay
36mb3(A —1)3(2A —1)3

—12(2X% =30+ 1) In(1 = ) +6 (2% = 38X + 1)  In(1 - 21)] .

[)\2(/\0\(2)\(2)\ —9) +33) — 24) + 6)

In eqgs. (65) to (67) we have removed some constant terms in order to make them homogeneous, i.e.
£i(0) = 0, those constant can be reabsorbed in the C-term eq. (17).

The functions f1(A), f2(A) and f3(\) were already known in the literature. Our results agree with
thosein[1], [5],[25]". In[25], the resummation coefficients fi(X) were derived from a similar integral but
instead of Laplace space they’re problem factorizes in Mellin space, since in the large /N limit the Mellin
and Laplace transforms are equivalent appendix A, we obtain their same functional form and thus compare
our results. In [5], they applied Soft-Collinear Effective Theory (SCET) theory, in which contributions
from Hard (H), Collinear (or Jet, J) and Soft (S) functions are treated separately at their respective scales
[26]: the hard scale of the e~e™ collision g ~ (), the invariant mass of the two back-to-back jets
eq. (49) u% ~ k¥ + k3 ~ 7Q? and the soft scale pg ~ Z—z ~ 7@ . These functions are evaluated at their
respective scales and then evolved to a common scale p using renormalization group equations eq. (27).
The cross section is then factorized into a convolution of these functions and the resummation coefficients
are obtained by performing the Laplace transform of the convolution. The results of [5] are in agreement
with our results; in fact their f1()) and f()\) are the same ? as the one originally obtained in [ 1], however

(1) (€]

f3(X) has two additional terms, one proportional to ¢s ’ and the other to c;

which we absorbed in the
coefficients Az and Bs.

The functions f4(A) and f5(\), as far as we know they never appeared in the literature and are one the
main results of the present work.

All the relevant constant can be found in Appendix C. The coefficients A, A; and By were already
known in [1] and were obtained from the one and two loop splitting functions. As and By were obtained
by comparing our f3(A) eq. (65) with the corresponding expression in Soft Collinear Effective Theory
(SCET) [5] (Eq(4.17)) by absorbing the jet cf,l) and soft c(sl) terms into Az and By terms. We also com-
pared our G2; (in which Bs appear) and G35 (in which both A3 and B appear) with the exact expressions
of G21 and G35 in [26] and found perfect agreement.

B3 was extracted by comparing our G3; in Appendix C with the exact expression of GG31 given by [5].

Lastly A4, A5 and By can be obtained by comparing f4(\) and f5(\) with the corresponding ex-

pression derived from [27] by incorporating the hard form factor of [28] as appropriate, then absorbing

'We assume there is a misprint in f5(\) in [5], the last term proportional A1 B% in parethesis should have a plus sign instead of
the minus sign.
The results differ by a factor 2 because we are considering the jet mass distribution, while the thrust distributions is the convo-

lution of two jet mass distributions eq. (50).
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contribution from the jet and soft functions into A4, A5 and By.

To obtain the Laplace trasform of the thrust distribution eq. (4), we perform the Laplace transform of
the convolution eq. (50). By applying the convolution theorem, we find that it is twice the integral given
by eq. (24) that we have just calculated. Therefore, we multiply by 2 the f;(\) we just obtained eqs. (63)
to (67). The plot of JZ? is shown in fig. 12.

— LL

— NLL
NNLL

— N3LL

N4LL

Figure 12: Plot of JZ function defined in eq. (57) at different logarithmin orders.

3.2.2 Renormalization-scale dependence

In this section we consider renormalization-scale dependence of our results. In principle, such scale p
should not appear in the cross sections, as it does not correspond to any fundamental constant or kinemat-
ical scale in the problem. The completely resummed perturbative expansion of an observable is indeed
formally independent on p. In practise, truncated perturbative expansions exhibit a residual scale depen-

dence, because of neglected higher orders.

We start with deriving the strong coupling as(Q?) as a function of s (12) and p?/Q?, to do so we

expand the explicit eq. (47) in powers of s (2?) and obtain:
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@) =) s i 1) et n(22) g (15)]
{w <a>+ it (15) s (22
68
(1) + (31 ) (2 -
s

szbl In’ (Q> + by In* (g;)} +0(aS(p?)).

For brevity we’ll write:

as(Q?) = as (1) + c1aZ(1?) + 203 (1?) + czag (1) + eaal(?) + O (a3 (1)), (69)
where ¢; are the coefficients of the expansion above.
2
C1 = bo 1H<é§2) y
2 2
Cy = bl 1H<M2> + b(2) 1n2 </Jl2>’
Q Q
2 2 2 (70)
1% 5 3 1%
C3 = b21H<Q2) + §b0b1 11’1 <Q2> +b ln <Q2>
I 2 2 a4 (1
c4 = bs 1n<@2) ( b3 —1-36062) In? (Qz) bobl In? (Q2> + by In (QQ>
Now we substitute eq. (68) into A = boas(QQ)L and obtain:
ANQ%) = Ap®) (1 + cras (1) + c2a2(1?) + c3al(0®) + cag (1®) + O(aZ(1?))), (D)
and formally expand in powers of as(1?) all the relevant functions, now A = \(u?):
A 1
LAQ) = LAW + ERAN + 5 (M) + 50 )a. 7
0 0
A A?
+%Gme+mm2<>6Lﬂkﬂﬁ+meu>
fc2)\f "(A) + cresAfY (N + §c§cQA2f1<3>(A) 2 L s (A)) :
1
7@ = ROV + Mo + (A + 5N )o? 73

1
+ (@A) + e ) + g7 )
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0@ = )+ M+ (A + R ), a4

a2fa(@?) = aZfa(\) + el iV, (75)
f5(Q%) = o fs(N). (76)
As usual, the terms from the expansion proportional to cv, corrects f3, the terms proportional to o

corrects f4 and so on.

So the additional terms in the functions f;, to partially compensate for the scale change Q? — 2,

read:
2
5y (A, gz) —0, a7
2 2
552 (A, gg) =g og b, (78)
2 1 9 2 , 2
3t (W15 ) = oo og? B+ (st 0o B 2o £ 79)
2
+ boAf5(\) log %
5f4()\ “2) _ Ly F1B(N) log® = v + A3 <b2 F(\) log® +b1 Jide) )log2 “2) (80)
’QZ 6 0 Q2 0/1 Q2 QZ
2
It (b%f{(A)l Q2 + 2o Q2 . = O los 4 S+ SO log? g)
2
A (b%f;m g oy + o0 o b log QQ)
2 1 2 2
JE (A, 52) = SRV log! oy (2b8f1<3><A) log” % (81)
1 3 7 .
+*bob1f1(3)( A) log? Q2> + % (258 7(M) 1o Q2 + boblf (A )log‘s&
b 2
o SOV Tog? £ 4 ba ) log? £+ 20350 () og? g)
13
+A2(b8f{(x>1og4QQ+boblf{(m 3%+7f1( og? £
2
+3by f] () log? Q2 + 7 f1< )log £ gz I () log? Q2 +boby f (A )W%
1
RA) log252) +A<68fé( Jlog® £+ 13740 log?
5 2 2 2
+ Sbibof3(M) log? Q2 +bof4(A) log RS )log £ gz + 0 log Q2)

By varying the renormalization scale p in the range /2 < p < 2@Q), where ) = mz we can estimate

the uncertainty due to the truncation of the perturbative expansion.
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Figure 13: Plot of J2 eq. (57). Dependence on renormalization scale y for LL, NLL, NNLL, N®LL and

NSLL logarithmic accuracy.
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Figure 14: Scale variation of the Laplace transformed Thrust distribution eq. (57) for Leading Logarithm

and Next-to-Leading Logarithm accuracy.
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Figure 15: Scale variation of the Laplace transformed Thrust distribution eq. (57) for NLL and NNLL.
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Figure 16: Scale variation of the Laplace transformed Thrust distribution eq. (57) for NNLL and N3LL.

— Nallatu=Q

N4LLat p=Q

? i : A
0.1 02 03 04 05

Figure 17: Scale variation of the Laplace transformed Thrust distribution eq. (57) for N°LL and N“LL.

We observe how the scale dependence decreases as we increase the logarithmic accuracy of the re-
summation. The N3LL result is the most stable under scale variations, while N4LL has some anomalous
behavious, this indicates that the N*LL result might not be fully reliable. In the following sections we will

only use results up to N3LL accuracy.

3.3 Inversion of the Laplace transform

In order to find the quark jet mass distribution J9(Q?, k?) or Ry (7), we have to perform the inverse
Laplace transform via the Mellin’s inversion formula (or the Bromwich integral) given by the line integral:
JUQ* k) = 1 lim o dve* J? (@%) (82)

’ 271 T—o0 C—iT v ’

where C is a real number such that it is at the right of all singularities of the integrand in the complex
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plane and the function .J ?, (Q?) has to be bounded on the line.
Instead of working with the differential quark jet mass distribution .JJ¢, it more convenient to deal
with the mass fraction R?(w), which gives the fraction of jets with masses less than w@Q? (cumulant

distribution):

RY(w) = /OOO JUQ? k*)O(wQ? — k?)dk>. (83)

Using the integral representation of the Heaviside step function eq. (52):

C-’rlT d
O(wQ?* —k?) = — gréo/ v eV (wQ* =K% (84)

T omiT TV

we recognize the Laplace transform of the quark jet mass distribution eq. (51)

Ri(w) = — lim v w2 / JUQ2, k*)e " dk?
271 T—o0 C—iT 14 0
1 C+iT _
-~ lim ¥ ow@® 312y
2mi T—oo Jo_jpm V
1 C+T 4 (85)
= — lim lewaze}'(as,ln(uQ2))
271 T—o0 C—iT v
C'+iT
1 m / AN wN Flam )
27TZ T—o0 C'—iT ’
where N = vQ? and F has the logarithms expansion:
Flas,InN) = fi(bpas In N)In N + fo(boos In N) + f3(boors In N)avs
(86)

+ fa(boos In N)a? + f5(boors In N)a + O(a).

Since the function F in the exponent varies more slowly with N than w N, we can introduce the inte-
gration variable v = wN sothatln N = Inu + In i = Inu + L and Taylor expand with respect to In u

around 0, which is equivalent to expanding the original function 7 w.r.t In N around In N =~ In i =L

Rq(w _ 1 dueue}'(as,lnquL)
2 Jo u
Tayl du F ™ (a1
aylor u—Inu ]:(a JL)+570 7,&’1n"u
= 2 —e nl 87)
™

(n)

shoe  FD) n

= e]:(aS’L) du eu_lnue n=1 # In™w
c 2mi

)
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where the integral is intended as before, along the line C' to the right of all singularities of the integrand,

and

n 0" F(os,Inu+ L
F (o, L) = (8(lnu)" |

The n-th derivative of F w.r.t Inu evaluated at Inu = 0 is at most of logarithmic order a?**=1L*

(88)

Inu=0

[11, so in order to achieve N*LL accuracy we need to compute the first four derivatives of F w.r.t In v and

neglect the terms of order O (0/51) that appear in the derivation. We obtain the following expressions:

FD(ag, L) = fi(A) + Af1(A) + asbo fa(A) + a2bo f5(N) + abo f1(N)

(89)
+O(al L3,
(2) _ / " 212 pl1 312 11
F' g, L) = 2005bo f1(A) + asbo A f1 (N) + agbp fo' (A) + agbg f3'(A) 90)
+ O(agL”*?’),
FO (g, L) = 30262 £/ (N) + a2V (N) + 2B P (A) + 0 (a2 L7, 1)
FD (g, L) = 40263 P (N) + 203A Y (V) + O (a2 L"), (92)

Here A = abgL and derivative w.r.t In v and then evaluated at In v = 0, or equivalently derivative
w.r.t L gives the same result.

After recasting the expansion presented in eq. (87) using the expression
v(as, L) = f1(A) + Af{ () from [1], and defining ]—'T(ég(as, L) = FY(a,, L) — v(as, L), we proceed
to expand the second exponential with respect to In » around 0, following the approach outlined in [29].

This yields the subsequent expansion:

(n)
Rq(w) _ e./":(ozs,L) / ﬂeuf(lf'y(ozs,l/)) In uefiil(as,L) In u+zz":2 % In"™ u
C 211

I R S (1 + FD Inu + %(]—'(2) + (FL?) W

C 2w res res

+ é(f © 4 3FOFD + (FL) ) wu 93)
1

+ 21 (}‘(4) + 3(}‘(2))2 + 4}-(3)};(2 + 6}‘(2)(};(2)2 + (}-T(;g)4) It u

+O(ln5u)>.
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Figure 18: Plot of 7()) in the range of interest 0 < A < 3

Lastly, we utilize the following result to evaluate the integral presented in eq. (83):

d* 1
71 u—(1—~v(as,L))Inu - 94
/27rz e dFT(1 — (s, L)) ©4)

where I is the Euler I'-function, notice that for £ = 0 the integral is the Hankel integral representation

of the I'-function:

1 1
- d u,, —(1—=v(as,L)) =
omi Jo O T(1— (s, L))

The reciprocal of the Euler I'-function is an entire function, meaning that it has no singularities in the

(95)

complex plane, it’s holomorphic everywhere. The above integral eq. (94) can be evaluated by differenti-
ating with respect to y(A) k times, and it is straightforward to see that each derivation inside the integral
gives a factor of In u. Interchaning the order of derivation and integration is justified by the fact that the

integral:

* is a contour integral whose contour doesn’t depent on (), and the function is holomorphic in the

complex plane for each value of v(\) € (o0, 0] (fig. 18)
plex p gl g

* is dominated by the exponential factor e*~(1=7(M))Inu a5 Jong as Re{u} > 0.

R1(w) = 57 %< ) [Hfﬁis% 2 (FO + (FP) (4~ )
é( "+ 3FOFLL 4+ (FD) )(wo — 3thotr +12)

(96)
+ o7 (FO+3(FOP 1 aF O FD + 67O FDY + (FI))

(5 — 61 + 3¢5 + Ao — ¥3) + O(In’ u)] :
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where t,, are the polygamma functions all evaluated at (1 — y())), defined as:

dn+1 dm 1
Un(2) = Wlnl“(z) =1 )

= 7%( )- 97)

2" T(z)  dzm

The expression eq. (96) can be verified against Eq.(56) in [29] and Eq.(4.28) in [5]. It is noteworthy
that they share the same structure within the square brackets, the difference is that they don’t include
(}',(2)2 in the second term. This omission is due to the fact that (]—'7(2) is a term of order (’)( ) and
thus contributes to the N>LL accuracy.

Substituting the expressions egs. (89) to (92) into eq. (96) we obtain:

e]:(as,L)

B =5

1+ (i) + 20 + o0 ) o ©8)
+ 5 (2 @EBAOAN) + RO + 502 (R O) + B0

+ S oAT (V) + 200 f{00)) (4 — 1)

£ 2 (0B A7) + B0 + 3B E ) + 3RAF N )

6
R A0 + 502G ) + BT () S5(N) + 302 )
+ BB A (NS N)) (86 — 3uoun + )
o7 (3R ) + RAAD () 10
403 £V (A) + 6DIAST (NS5 () + BBEAFT (M) F5(N)? + 12681 (V) £5(N)
PR O) + 1AV + Sa2 (RO + 3 (V)
+ABBAF(N AT O)) (88 — 61 + 393 + 4ot — s) + O(n° w) |,

and reorganize as a power series of a:

eF (as,L)

R0) = Fs |1+ auto (A4 + (0~ )OI 99)
F2AO)) + a2 (5 — 61+ 303 + Ay — Ys) (BN FY (V2
FARFLON + ARAH VO + 5 (68— 3own + 92) BAFD ()
BEAFNFN) + B FON) + 6 A (00 + 5 (48 — )
(RO + BI5O0) + bo Fo0)) + a3 (57 (0 — 61 + 363 + 4vov
— ) (BOMST (V) + 403N (W) F5(N) + 4837 (V) + 6BEAFY (V) £ (V)
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+ 6DIALT (N 5N + 1263 (N) f5 (0 >+12b FOVE O + 126 i (0 f5(0)?)
+ 58— eDRANHN) + R N) + (W8 3ot

) (O 1S (N) + B S5V + 303 73N 5 (A) + BBRAS (N F5(N)

+ 6611 (V) F5(0) + bovo f4(N) ) + O(aé)}

As observed in the previous section, to obtain the Thrust cross section, we simply multiply by 2 all the

fi egs. (63) to (67). The final resummed expression Ry (7) can be written as one exponential eq. (19),

<1 + Z Cra ) exp[Lgi () + g2(A) + g3(N) s + ga(N)a? + gs(N)ad + O(ad)]. (100)

To do so, we observe that ( 5 = = exp{—In('(1 — v))} corrects f5, while the expression in square
parenthesis in eq. (99) can be seen as the expansion of an exponential for ay — 0, the reason for this is
that since we integrated an exponential function in eq. (85), we expect to find an exponential function as

the result of the integration

exp(asg3(N) + aZgs(A) + algs(N) + O(al)) = 1+ a,g5(\) + 2ozs( 95(\) +2g4(N))
+2a3 (93(N) + 6g3(A)ga(A) + 6g5(N)) + O(a}).

6
(101)
To obtain g3 (), g4(A) and g5 () we match eq. (99) with eq. (101) and obtain the following expressions

in which all the Polygamma functions 1),, are evaluated at 1 — () as before, and the functions f; are

twice the ones obtained in the previous section eqs. (63) to (67):

g1(A) = fi(N), (102)
92(N) = f2(0) = InT(L = 1(N) = A (V), (103)
g5 = F5() + (Yo(1 = NS + 58 — ) (1~ NOFO) + 25 (V). (104)
9a(N) = F8) + (G0 — 61 + 308 + Wty — ) (1~ v OV (BN (V) (105)

FABFLO) + ABAH ) FO0) + (08 — 3o +42) (1 — 7O A )
+BEAFL OO + 3R (N) + 68500 + 3 (68 — )1 )
(B35 + BB F3(N)2) + botbo(1 = (W) S5 ).
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g5(N) = F5(N) + (g (98 — 601 + 305 + 4w — )1~ 1(N) (106)
(BEAFY (V) + 40N S () F(N) + 463 17 () + 6B (M) £5 ()
+ O3NS (V) F5 (N + 1208 £ (\) f3(N) + 1265 F{ (A f3/ (V) + 1263 1 (A f5(V)?)
lwé—wl)u—v(»)(zb%fx N FO) + 0315 (A )>+6<w8—3wow1+w2><1—w

B35 (0 + B F5 (0 + 363 (N F5 () + BBAFY (A F5(N) + 653 £ (N) (V)
+ bovo(1 = 1) F1(N)-

The procedure we just described extends the NLL [1] and NNLL [5] results for the analytical Laplace

inversion to N°LL and NLL accuracy.

The thrust differential distribution eq. (2) is obtained by taking the derivative of the thrust cross section

Rr(7) eq. (19) with respect to 7:

Lo _ 1dRs(r)
cdr 7 dlnrt

(107)

Observe that resummation has cured the unphysical divergence for 7 — 0 of the fixed order prediction
(fig. 7). The fact that the thrust distribution vanishes at 7 — 0 (fig. 19) has a simple physical inter-
pretation [1]. At the parton model level the e™ e~ annihilation process produces a quark-antiquark pair.
Since both the quark and the antiquark carry colour charge they are necessarily accompanied by their own
bremsstrahlung (radiation of soft gluons) and the ensuing configuration has 7 # 0. The vanishing of the
thrust distribution for 7 — 0 thus corresponds to the impossibility of producing a bare charge in gauge
theories.

We observe in fig. 19 that the peak of the distribution is closer to the experimental data as we increase
the logarithmic accuracy, this is expected since the resummation of the logarithms is supposed to improve
the accuracy of the prediction.

However, the peak also becomes lower while the tail of the distribution becomes higher, this means
that if we set the value of the coupling to be o = 0.118, there’s too much radiation. To fix this, we would
need to decrease the value of the coupling to have a better agreement, which then would lead us to extract
a lower value of «; with respect to the world average.

Increasing the coupling means to increase the intensity of the strong interaction, which in turn means
that the quarks are more likely to radiate more particles, this is why the tail of the distribution is higher
while the peak is lower for higher values of the coupling

We also observe that the tail of the distribution (Figure 20) is not well described by the resummed

expression, this is as expected since the resummation tackles the problem of large logarithms in the 7 — 0

44



1do
g dr
25 » OPAL
i « DELPHI .
i + ALEPH : i :
! . L3 ! ! !

« SLD

-
=

—— MMLL

— N3LL

e e e

— M4LL

Figure 19: Plot of eq. (19) for different logarithmic accuracy orders, with coupling as(mz) = 0.118.

region, for the tail of the distribution we would need to include the fixed order corrections. We’ll see in the
next section how to combine the resummed expression with the fixed order corrections to obtain a more

accurate prediction in a greater range of 7.

3.4 Matching of resummation to fixed-order calculations

Having obtained a resummed expression such as eq. (100) for the shape cross sections at small values of
T, one can now match the resummed expression to the fixed-order NNLO calculations at large values of 7
using the R-matching scheme [1]. The results presented in the previous sections allow us to compare the
predictions at N?LL accuracy with the fixed-order calculations at NNLO.

In the R-matching scheme, at N3LL+NNLO accuracy the matching procedure is given by:

Rp(1) = (1+ Cra, + Caa? 4 C3a3) exp{Lg1(A) + g2(A) + asg3(N) + aZga(N) } (108)

+ Dy (T)a, + Do(7)a? 4+ D3(7)a?,

where the coefficients C; are determined by imposing the normalization Ry (Tyma.) = 1 of the fixed
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Figure 20: Zoom-in in the tail region of the resummed thrust differential distribution eq. (19) for different

logarithmic accuracy orders, with fixed scale oy = 0.118.
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Figure 21: Plot of the matched Thrust distribution eq. (108) at NNLO+N?3LL accuracy.

order calculation order by order, while the remainder function D, are determined by subtracting from the
fixed order terms A, B and C' the logarithmic terms already present in eq. (19) (see eq. (23)).
D; is analytical [1]:

, t 9t2 2
Dy(r) =CpF (—4L12 <1—t) + 5 2In"(1 —t) + 6t(In(t) + 1) (109)

+4In(1 — ¢)In(t) + 3(1 — 2) In(1 — 2t)),

while Dy and D3 are extracted numerically from interpolating the fixed order results at NNLO given
in [6], the results are shown in fig. 7.

By combining the resummed expression eq. (19) and the fixed order results at NNLO, we can ob-
tain the matched results at NSLL+NNLO accuracy, we also reproduced the NLO+NLL [1], [16] and
NNLO+NNLL [5] accuracy already present in literature. The results are shown in fig. 21.

Resummation only slightly improves the fixed-order results at large values of 7 as it includes some

terms from higher orders in the perturbative expansion eq. (10), see table 2.
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Figure 23: Log Plot of the matched Thrust distribution at NNLO+N?LL and NNLO+NNLL accuracy in

the tail region.
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Chapter 4

Conclusions and Outlook

In this thesis, we have studied the resummation of QCD large infrared logarithms for the Thrust distribution
in eTe™ annihilation. The Thrust distribution is a classical precision observable in collider physics and it
allows the extraction of the strong coupling constant a.

In the era of the LEP experiments(1989-2000) the calculations for certain classes of variables, such
as event Thrust shape variable, were improved by resumming leading and next-to-leading logarithmic
terms (NLL). These calculations, matched to fixed-order expressions, enlarged the kinematic range of
applicability for as extractions and reduced the systematic theoretical uncertainty.

Our work aims to enhance these achievements by incorporating higher-order logarithmic terms in
the resummation process and utilizing NNLO fixed-order calculations completed in 2007, which were
unavailable during the LEP experiments.

Resummation tecniques are needed because in the kinematical region where the Thrust 7 is close
to 0, cancellations between real and virtual corrections are not complete due to kinematical constraints
and large logarithms of the form o logm(%) appear to spoil the convergence of the perturbative series.
Therefore, resummation of these logarithms is needed to obtain a reliable theoretical prediction for the
Thrust distribution in the region of small 7, then matching the resummed prediction with the fixed order
calculation gives a prediction that is valid in a larger range of .

The theoretical prediction is made within perturbative QCD, expanded to a finite order in the coupling
constant. The truncation of the perturbative series induces a theoretical uncertainty from omitting higher
order terms. It can be quantified by the renormalisation scale dependence of the prediction, which is
vanishing for an all-order prediction. The residual dependence on variations of the renormalisation scale

is therefore an estimate of the theoretical error and we have observed that indeed the scale dependence
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for the Laplace transformed thrust distribution at N®LL accuracy is significantly reduced compared to the
already improved N2LL results. However, anomalies noted in N*LL results suggest potential limitations
in their reliability.

Initially, we calculated the resummation functions f;() in Laplace space, where the natural expo-
nentiation of the logarithms occurs. We were careful in ensuring consistency with prior findings and
assembling necessary ingredients for resummation up to N*LL accuracy from existing literature.

Subsequently, we performed the inverse Laplace transform of the resummed distribution following
methodologies outlined by [1] and extended the results up to N*LL accuracy. This has allowed us to
obtain the resummed Thrust distribution in thrust space, which already gives us a shape closely resembling
experimental data from LEP and SLAC. The predictions and data do not match completely yet because
our prediction is calculated at parton (quarks and gluons) level and does not include hadronisation effects,
while the experimental measurements are at the hadron (protons, pions, kaons, .. .) level.

To refine our theoretical predictions further, we have matched the resummed expression to the fixed-
order NNLO calculations at large values of 7 using the R-matching scheme. The results presented in this
thesis allow us to achieve NNLO+N3LL accuracy. This represents a step towards achieving a more precise
theoretical prediction for the Thrust distribution in e ™ e~ annihilation and a more precise extraction of the
strong coupling constant s, which is essential for the precision tests of the Standard Model and the search
for new physics at the LHC.

Future endeavors will involve integrating a phenomenological model to address hadronization effects
and conducting a fitting analysis with experimental data to accurately determine the strong coupling con-
stant «vs. Additionally, it is also interesting to investigate if the analytical Laplace inversion used in the
previous literature, which we reproduced and generalised to higher orders in this thesis gives us a reliable
result. We observed that the peaks of the resummed Thrust distribution were too low compared to the
experimental data, this would thus lead to a discrepancy in the extracted value of o relative to the world

average.
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Appendix A

Laplace transform in the large N limit

Using the methodology outlined in [24], we will demonstrate that the Mellin transform prescription is also
applicable to the Laplace transform. in the large moment ¥Q? = N limit, this fact was already known in

the literature [30] and we’ll show it here for completeness.

We are interested in solving the following integral

1 —N(1-2) _ 1 1 d
/ dz 67F(as,ln(1 —z)) = / —u(tf“N —1)F(ay, Inw). (110)
0 -z o U

Start by considering

1
I,(N) :/O d—u(e_“N—l) In" (u), (111)

u

which can be evaluated as described in [3 1], using the following identity

€ €

In"(u) = lim (g) u® = lim (aa) eclnu (112)

to replace the logarithm term in the integrand eq. (111) and straightforwardly integrate the resulting

expression. We obtain
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= lim (gﬁ)n{—i + N"(T(e,0) = T'(c, N))}

— lim Tim_ <§€>n{—1 + NEF(e)} + e‘N+O((zlv)2)(9(;7> (113)
b (3] oo} ()

-t (3] e of5),

where I'(e,0) = I'(¢), I'(e, N) is the incomplete Gamma function and eI'(¢) = I'(1 + ¢)

I'(e,N) = / dtte e t. (114)
N

The last equation in eq. (113) is the same as Eq. (68) obtained in [24] for the Mellin transform. There-
fore, we can conclude that the Mellin transform prescription is also applicable to the Laplace transform in
the large V limit.

Using the known expansion of the Gamma function for small ¢

I'(1+e€) :exp{—yEe+Z(—1)”4Mfl}, (115)
n=2

the term in curly brackets in eq. (115) can be expanded in power of € and then derive. The result for

I,,(N) is thus a polynomial of degree n + 1 in the large logarithm In N:

(=)™ +1
n+1

n—2 -N
+ ) an(InN +p)" + O<6N>
k=0

(In N +vg)" T + ((2)(IN +vg)" !

_1\n—1
I,(N) = %n

(116)

This result can be generalized using the following formal identity:

0
—eln N o eln N
e P14+ =T~ g =)V, (117)

then we can perform the n-th derivative with respect to €, and obtain

In(N)—l“<1 g >(_IDN)n+1+O<6N>. (118)

 OlnN n+1 N
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This expression can be regarded as a replacement for eq. (113) to compute the polynomial coefficients

ank in eq. (116). Moreover, by observing that

_ n 1 n
ElN)"+1 H:—/ du 0 (119)
n+1 1 U

we obtain the all order generalization for of the prescriprion used in [1]:

_uN B 0 1 e N
e 1r(1alnN>@(uN)+O<N) (120)
= 0 Ny e N
F(l alnN>®(uN)+O(N>, (121)
where
D(1—¢)=e™T(14¢€) =exp i(—l)”w (122)
- n=2 n '

It is straightforward to show that the prescription can be applied to as follows:

u o U

N

Ydu, _.x - 0 L du e N
/0 —(e - 1)F(a5,lnu) = —I‘(l - 8lnN) /N — F(as,Inu) + O(N)’ (123)

and to evaluated the In /NV-contribution arising from the integration of any soft-gluon function F' that

has a generic perturbative expansion of the type

00 2k—1
F(as,Inu) = Z af Z Fi,, In" w. (124)
k=1 n=0

The result in eq. (123) can be used to obtain eq. (56) as shown in [24].
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Appendix B

Equivalence between resummation

formulae

Here we adapt the result in [24] to show the equivalence between the resummation formulae in eq. (24)
and eq. (56) in the case of Thrust resummation.

It is straightforward to show that equation (90) in [24] becomes:

/Nlo/zv o (Blan(ue?) - Blau(u®) g€ (aulu). 1) =

(125)
o Ny 1 9 No N
r (algzv> {A(QS(NQZ)) ~ 3 aog B (T @) — 240 Qz”}'

Observe that using the renormalization group equation eq. (27) and chain rule we can write the fol-

lowing relation:

d Bla (E))_BB(as)aozs(%) %  9as(x) 0B(as)
dlogN " 'N” da, 9k dlogN  dlog L da,
= _5(as)as a‘g((lojS) ) (126)
d k 0A(a)

Alas(5)) = ~2B(a)as

Olog N Oa

Define the differential operator () as:

Oa, = —B(as)as (127)

dory’
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Substituting the above relations in the previous equation, we obtain the equivalent of equation (92) in

[24]:

[ (o) — B (u?) - 08 (). 55 ) =
No Ny

2
1) { Al (R0 - 300 Bla (02 } - 21200 Ao (RE Q)

(128)

Now by setting N = Ny or applying % one obtains respectively the functions C and B as func-

tions of A and B:

Clay) = exp{Fg(aaS) {A(as) - éﬁaSB(as)} - 2F(28as)A(as)} e (129)
B(;s) _ B(;zs) + 04 {Fz(aas){A(as) aagB(as)}} o=, (50Q2) 130

With egs. (129) and (130) one can relate the two formulas in eq. (24) and eq. (56), e.g. log C can be

obtained by inserting the expansion:

a(0) = ~50(2) = 3¢B)e - 1ue@e® ~ (e + 5605))
(131)
1 ., 61 .
- (18<(3> - 1284(6))e4 +0(e)

in eq. (129), and up to N*LL accuracy we have:
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10%5(%0&2), gz) = %(—C(z) —1a, + (2A2<(2) ;:;12 + mho Bi
| A (3¢(2)108 (142 ) + 3108 (42) — 44(3))) 2
3T Qs

2 2
+ (‘;;( 27b2¢(4) — 3b2¢(2) log? (g) — 352 log? (&)
2
+ 86 3) log (g) + 3b1¢(2) log (g) + 3b; log (g > (132)
2
—4biC(3 ) ( 127 AsboC(2) log (“)
2
— ].27TA2b0 log (é) + 167TA2b0C( ) + 6A3<(2) + 6A3
2
+ 67203 By log (é;) — 6mbg By — 37r2b131))a§ +O(ad).

~ 2
For B we’ll have to use renormalization group equation to evolve the two scale %QQ and %QQ to
a common scale Q2. We note that B corrects the B terms so it has to be expanded up to o to achieve
N*LL accuracy while In C corrects the i functions so they have to be expanded up to a? to achieve N*LL

accuracy, these corrections are necessary only for NNLL accuracy and beyond, consistent with the results

in[1].
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Appendix C

Constants and Ingredients for

Resummation

The needed coeflicients are often expressed in terms of the following parameters:

ny =5 Number of active flavors,
4 . . .
Cr= 3 Quadratic Casimir operator for fundamental representation,
C4 =3 Quadratic Casimir operator for adjoint representation,
1 L .
Tr = 3 Trace normalization for fundamental representation.

The renormalization group equation for the QCD coupling constant reads:

odasg
dp?

= 5(0&5) = _ag(bo +b1as +b2a§ +)a

where the coefficients of the 3(«) functions are [21]:

o 110A 74’17,fTR - 33727Lf

b —

0 127 127

- 1702 — nsTr(10CA +6CF) 153 — 19n;

t= 2472 o 2472 ’
2

by 325n%  5033n; 2857

3456m%  11527° 12878
- 1093n3 e 809¢(3) . 50065 . 1627¢(3) 1078361
371866244 T\ 259274 T 4147270 f 172874 4147274

59

(133)

(134)



891¢(3) 149753
6474 15367’

by :n‘;( 1205 19¢(3) )

298598475 1036873
3 (_ 24361¢(3) ~ 115¢(5) + 809 630559 >

P\ 12441675 © 230475 ' 12441607 597196875

, (698531¢(3)  5965((5) 5263 25960913

f ( 8294475 129675 4147207 19906567r5)
1202791¢(3)  1358995((5) 6787 336460813

f (_ 2073675 | 276487 +1105927r_19906567r5>

621885¢(3)  144045¢(5) 9801 8157455

204875 51275 204807 | 1638475

Numerically, forny = 5:

by = 0.875352 — 0.0530516m ¢ = % = (0.610094,

29
by = 0.645923 — 0.0802126n = Ton2 = 0.24486,

9769
by = 0.719864 — 0.140904n ¢ + 0.0030329171? = S156.3 — 0.0911647,

bs = 1.17269 — 0.278557n ¢ + 0.016244771? + 0.000060124771? = 0.193536,

(135)

by = 1.71413 — 0.594075n + 0.0560618n7 — 0.000738048n% — 5.87966 - 10~%n} = 0.0493694.

The A coefficient in the resummation formula are given by:

:CF7
1 72 67
Ay —10n T —
CACF< o7 OngTr — 5 1 18)’

2051 2 11¢(3)  1l7*  132% 15503
05 7T)cAan,ch< @) | Uml 1377 )cicF

1296 18 4 720 432 2592

2
) @ 25 , 7
+( 2 st 355 108 ) O

3)2 117r2<() | 24461¢(3) 205137r2+1925<(5) 2537% 31376

32 864 5184 288 1920 90720
4311229) Coc <77r2c(3) 43¢(3)  451m*  131¢(5)
186624 ) F-4A 72 144 4320 144

72 —3¢6) - 144 162 15552

64421 260731 34 117* 5572 7351 2¢(3
_ b1 ) fc;a+((< ((3) , ' 5o >R““

31104 62208 9 720 576 1152 12

r! 1123 1224777
+TR<111 2c(3) 4 059603) m 3 77r>
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(139)
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20¢(3)  5C(5) 5572  1laxt 17033 ,
ts T8 T2 1aa0 10368)”fCF
4 48172 174 14 A7 2

. ((7<(3) LTl 17 7) 2 ( 3¢(3) 847w 55) 803w

54 ' 60 1944 ' 3888 ) 108 1296 ' 486 3888

3)  497' 19889 3176 7¢(3) 572 130
@) _ 4om )n?cCF)CA'F u +((—C( ) 5 )T}’;

144 4320 ' 62208 60430 27 324 ' 729

13¢3) 5 77 @) 1 , 2 19¢(3) 215 52
2 T - T _ 219 O
+ ( o5~ 1861206 ) 0" o~ gas) O+ as + (( +

18 96 144

4 w51 5C(3) 299 3¢(3)?

_ T g2y ™o oM 960) L 2 e 0
150) 7%+ 725 " o2~ 18 +2592> L T;

po (S ) B sty

32 288 ' 576 576 362880
(_ 5¢(3)2 LB | 275(5) 572 31x® ) N ((37((3) 50) 143) o3

Ne)

+

T Ere - T F

32 288 576 576 72576 48 4 576
I ECT ) I (I . Y I

3 12 24 12 27\ 16 16 32 288 288 576
¢@3) , = 5¢(5) ¢(3)  55¢(5)
o7 (22 = B 2
+ ( 288 | 576 288 ) )™

48 96
As = 14541.099. (141)
The B coefficients are given by:
1
B, = 3 (3CF), (142)
3¢(3) 57  11x? 5 72 9 3
By = SIS 2L - — =4+ 14
2 CACF( 5 16+ 21 +Can 3 2 +CF 3C(3) 16+ 1) (143)
34¢(3) 48572 7t 3683 31¢(3)  131x* 5261
By = _ddom w3083 4
3= CaCrny << 27 132 720 " 864 54 4320 | 1728
265772 , [ 7(3)  89¢(3) 15((5) 2877 23  17x%
- - - - _ = 144
2592 > +CaCr ( 12 12 1 192 16 360 ) (144)
241¢(3)  5¢(5) 22841x% 5951 7137 17¢(3) 23
2 _ _ _ 2 v
+CACr ( 108 T ema w2 asw ) TOPM ( 6 16
5r2 297t ¢(3) 41zt 31 Tix? 2¢(3) 17 572
= Tp— 22 = Cpn — )72
72 1080) BT o0 T 288)+ F”f(< 9 "7 81) Rt
13¢(3) 1932 433 72¢(3)  17¢(3)  15¢(5) w372 29\ 4
— _\T _ - 22 2
( o7 T eas a2)'R) T\ T s 2 20 32 61)r
B, = 3817.42. (145)

By expanding in o, the exponent of eq. (19) with eqgs. (102) to (106) substituted, we can compare to

the expression eq. (17) and obtain:
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G2 = =244,

G11 = —2By,

Gag = —4mA1bo,

G = g (27242 — 645 — 37boB1) .

Go1 = ( A; (2441¢(3) — 37%bg + 20°By) — 6Bs)

3
1

G34 = 5(— 8)7T2A1b8,
4

Gas = 1= (—907m® ATby — 90w A1by — 1807 Asby + 240A43¢(3) — 30763 By) ,

G3o = % (—757T3A1b031 — 16207 A%boC(3) + 1057* A1b3 + 36043 B1((3) + 21 AT — 6072 Az A,
— 90A; — 457%b, By — 907rb032),

G31 = 445 ( 9007 A1bo B1¢(3) + 84072 A162¢(3) + 457 A1by + 9073 Axby + 180A, B3((3)
+ 21 A2B; — 30m% A1 By — 30m% Ay By — 24072 A3((3) + 2160A3¢(5) — 720A45A4,((3)
— 157%b B2 + 157402 B; — 9033),

Gus = —2413 A1b3,

332 140
G44 = 19271’14:15()0(( ) — ? 4A2b2 — ?ﬂ' A bobl — 5671’2142()0

2656 5 o

1
G —(=32)7* A} — 433 By,
b2C(3) + —W5A3b0

15
64
— 167‘(’414?[)1 + 407T5A1bg — 48773A2A1b0 — 16773A1b2 — 487 Asbg — 327T2A2b1 — f7T4A§B1

45
128 2 4 4 2 40 3 2 2

32 40
G42 = 1127TA1bQB%§(3) - 4647T2A1b(2)31C(3) + EWSA%bQBl - §7T4A1b131

. 4 . a
— @w‘AlboBz - %w3A26031 — 41673 A3bo((3) + 3648w A3boC(5) — 28872 A2b1¢(3)

3
3 3 56 6 4212 140 5 4 2
+ 4807 Albog(?’) - 8647TA2A11)0<(3) + EW AlbO 3 A b0b1 + 567 A2b0

1
+ 6472 A3 B1((3) — T68A}B1((5) + 64ATBo((3) + 12842 A1 B1((3) — 6 mt AIB}

232
Gz = 256mA2by B1((3) — T7r4,41b331

1 1
+512A41¢(3)% + ——(—464)7% AT + 1—§7T4A2A2 - —W2A3A1 - 77%42

945
— 1644 — 4702 B? 4 47°03 By — 87°by By — 16m%by By — 247bo B3,
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224

+ 44872 Apb2((3) + 32m% AT B((3) — 487%b3 B3 ((3) + 3242, B1((3 )—-AngZA?AQC()

1120 304
— 1284, A5((3 )+-43;7w3A1hm1§()—%32w3b331§CD——457w3A§b031CCﬁ

- 25677A2b031<(3) - 1607T2A1b131<(3) - 22471'1411)082((3) + 64A13132<(3)
— 64712 ATC(5) — 896m2 ATh3((5) — 384ATBI((5) 4 T68 AT AxC(5) + 1152w ATby B1((5).
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